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TIME-ORDERED OPERATORS. 1. FOUNDATIONS
FOR AN ALTERNATE VIEW OF REALITY
BY
TEPPER L. GILL'

ABSTRACT. The purpose of this paper is to present the proper framework for the
mathematical foundations of time-ordered operators. We introduce a new mathe-
matical process which we call the chronological process. This process generalizes
the notion of a limit and allows us to recapture many properties lost in time-order-
ing. We then construct time-ordered integrals and evolution operators. We show
that under reasonable assumptions, the time-ordered sum of two generators of
contraction semigroups is a generator. This result resolves a question that has been
debated in physics for forty years.

Introduction. In a series of papers [F1], [F2], [F3], R. P. Feynman developed a
new approach to quantum electrodynamics. The idea was to deal directly with the
solutions to the equations describing the system rather than the equations them-
selves. This approach requires an overall space-time point of view. This means that
we view a physical event as occurring on a film in which we become more aware of
the outcome as more of the film comes into view. This led Feynman to consider
time histories (paths) as the primary object of physical concern. He [F4] noticed
that altering the manner in which one views operators permits considerable ease in
the manipulation of complex expressions. The method developed by Feynman is
called time-ordering because time is used as an index to determine the order of
operators in a product. At the present time this notion is used in every branch of
physics.

For the most part this method has not been taken seriously by mathematicians
(see, however, Segal [SE]). This is the first in a series of papers in which we develop
a mathematical theory of time-ordered operators. From a mathematical point of
view, Feynman’s time-ordering is equivalent to the assumption that time stands still
and physical processes flow through it from past to present to future. This is the
alternate view.

In order to construct time-ordered operators, there are two threads that must be
brought together; the film on which space-time events can occur and a method
which will directly allow time to act as an index identifying the position of
operators on the film as they create the path. §1 is devoted to the construction of
the film. In §2 we define and study time-ordered operators. We introduce the
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notion of a chronological process and show that it generalizes the notion of a limit.
In §3 we identify some fundamental ideas from the theory of semigroups of
operators so that we can develop our theory of time-ordered evolution operators in
§4. In §4 we show that the time-ordered sum of two generators of contraction
semigroups of operators is a generator except on a set of measure zero, assuming a
common domain. This result implies that the cause for the divergencies in quantum
electrodynamics cannot be attributed to the mathematics and, hence, there is some
underlying physical cause. This question has been tossed about for over forty years.

The appendix is devoted to the extension of the Riemann-complete integral of
Henstock [H] and Kurzweil [K] to the operator-valued case. This integral is used in
§4. It should be pointed out that in applications the time-ordered integrals are not
absolutely integrable even in the bounded operator case. The Riemann complete
integral includes the Bochner integral as a special case when it exists.

1. Let [a, b] be a compact set of reals, and for each ¢ € [a, b] let B(¢) be a
separable Banach space. Suppose {¢,} € II, B(¢) and denote by A, those sequences
{¢,} such that

2l — 1] < oo. (L1)
t

(We do not use the same requirement as in [G1] but see Lemma 3.5 of that paper.)
For each ¢t € [a,b] let B*(¢) be the dual space of B(?) and let A* be the set of all
sequences {u,} in I[, B*(#) such that
S 1 lul* = 1] < oo, (12)
t

If {z,} is a sequence of complex numbers, we define convergence of II, z, in the
normal way and set II, z, = 0 if it does not converge. Let us define a functional on
A* by -
n
T(w) = 3 1o u) (1.3)

v=]1 ¢
where u = {y,} € A*, {¢°} €A for v=1,2,...,n, and {, ) is the duality
bracket. The t-index for norms and duality brackets has been suppressed and
should cause no confusion. We denote I" by
n
r = 2 ® ¢;’ (1.4)
j=1
and define the algebraic tensor product, @, B(¢), by

Q? B(1) = { é ® ¢°l{¢°} EA V=1, 2,...,n]. (1.5)

o=1 ¢
We define two important norms on @, B(#); let || - ||, and || - ||, be defined for
¢=30_, ®, ¢ by

ol = sup[ S TIKe udl 4, € B*Q), linll < 1}, (16)

o=1 ¢
o, =i £ Mo § @ 60- 3 @) )

v=1]
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THEOREM L.1. (1) || - ||y and || - ||, are norms and || - ||, < || - |l,-

QIfe=Q ¢ @ then |||y = [lo]l = II, [|ll-

Condition (2) is the definition of the notion of a crossnorm; || - ||, is called the
least crossnorm and || - ||, is known as the greatest crossnorm. (These ideas are due

to Shatten [S).) Let us denote them by A and v, respectively.

Let us denote by @ B(f) the completion of &, B(¢) with respect to any a with
A < a < y. (ais a crossnorm by Theorem 1.1(2)).

DEFINITION 1.2. Suppose u = @ , 4, is in @, B*(f); set

llullo = sup ( i H <¢t°’ ut>/

S ® e ) (18)
201 ®,¢° \o=1 1t o=1 ¢ «

We call a* the dual norm of a.

THEOREM 1.2. Suppose a is a crossnorm on @, B(?) so that A\ < a < y; then:

(D) y* < a* < A%

(2) a* is a crossnorm on @, B*(¢).

Any crossnorm « whose dual norm a* is also a crossnorm is known as

reasonable.
DEFINITION 1.3. A crossnorm « on &, B(?) is called uniform if

 ([[® oL} <Tiron

llolla <1
where {7(?)} is a family of bounded linear transformations with II, || 7(?)|| < oo.
LeEMMA 1.1. A and y are uniform.

DEFINITION 1.4. A reasonable norm a on @, B(?) is called faithful if the linear
map Jy, obtained by extending the identity on @j§ B(r) to the entire space
®? B(¢) by continuity, is one-to-one.

This means that if an element ¢ in @{ B(?) vanishes on &, B*(?), then it is the
zero element.

DEFINITION 1.5. Let a be any reasonable crossnorm on &, B(7). We call the
closure of @, B(7) with respect to a a Banach space of type v and denote it by
®: B().

From the point of view of time-ordering we consider @¢ B(?) the set of all
possible film for events that occur over the time interval [a, b]. This set is too large
for almost all applications. The problem is related to the fact that systems of
interest are governed by evolution equations subject to initial conditions.

DEFINITION 1.6. Let ¢ = @, ¢, and ¢ = @, y, be vectors in ®¢ B(t); we
say ¢ is equivalent to ¢ and write ¢ =y provided Z,||y, — ¢,||> < o and
3, Im{yY,, J,¢,) < oo where {J,} is a joint family of duality maps for both {y,} and

{9}

THEOREM 1.3. The relationship defined above is an equivalence relation which
decomposes Q¢ B(t) into disjoint equivalence classes.
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PRrROOF. (See Theorem 4.2(2), (3) of [G1].)
Let ¢ @ * B() be the closure of the linear span of all ¢ = ¢.

THEOREM 1.4. @ B(t) is a closed subspace such that, if ¢ 2 {, then
¢@ B()Nny @ B(r) = {8}
t

where 0 is the additive identity on Q¢ B(t). If we restrict t to lie in a countable dense
subset of [a, b) then ¢ @ { B(?) is a separable Banach space.

LeEMMA 1.2. Suppose ||¢,|| = 1 for all t; then ¢ @ ¢ B(t) is the closure of the linear
span of all y = @ , y, such that , # ¢, occurs for at most a finite number of t.

DEFINITION 1.7. We call ¢ @ ¢ B(¢) the set of film for all possible space-time
realities of classical type associated with the family {B(f)} and pre-prepared to be
in state ¢ on [a, b].

Consider the Schrodinger type evolution equation where H(f) is the selfadjoint
generator of a unitary group:

idx(t)/ot = H(t)x(¢), x(0) = xq; (1.9)
if y is a solution then e® is also a solution for all real 8. This phenomenon forces
us to consider another class of subspaces of @¢ B(?).

DEFINITION 1.8. ¢ = @, ¢, is said to be weakly equivalent to y = @, y, if there
exists a set {z,} of complex numbers with |z,| = 1 such that ®, ¢, = &, z,y,. In
this case we write ¢ =" ¢.

THEOREM 1.5. ¢ =" y is an equivalence relation which decomposes Q¢ B(?) into
disjoint equivalence classes. If we denote by ¢,, @ ¢ B(t) the closure of the linear span
of all y =" ¢, then:

(1) ¢, @ ¢ B(?) is a proper closed subspace of Q% B(t), and if ¢ Z* ¢, then

%éan%éBm=WL

@
0. ® B() = @ [¢é B(t)] (direct sum).

y="¢
DEFINITION 1.9. We call ¢, @ ¢ B(¢) the set of film for all possible space-time
realities of modern type associated with the family { B(¢)} and pre-prepared to be in
state ¢ on [a, b].

2. Time-ordered operators. In this section we introduce a number of new
concepts and terms. In order to motivate our approach, let us consider a bounded
linear map A(¢) from [a, b] into L(B), where L(B) is the space of bounded linear
operators on B. We assume B is a fixed Banach space (separable). Define a family
{A(0)|t € [a, b]} on @ B(f) (B(f) = B for each ¢) by

A= ® LeAHe( ® 1) (2.0)

a<s<t t<s<b
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It is easy to see that for # # t', A(f)A(t") = A()A(?). In this way time can act as a
place keeper in any product of operators. Let us suppose that ff(t) is continuous so
that lim, ,, IA@) — ff(to)|| = 0. If we attempt to compute the same limit with
[|4(¢) — A(%y)||.» We find that it is meaningless, that is, the notion of limit in this
setting does not exist. This is the price we must pay for time-ordered operators.

In order to remedy this situation we shall introduce a new process which
includes the notion of a limit as a special case. This process does not lead to an
extended set of operators; it simply allows us access to operators on L[@{ B(?)]
which are not accessible by algebraic or topological processes. von Neumann [VN]
showed that the set (H(?) is a Hilbert space) L*[®, H()] of bounded operators in
L[®, H(?)] that are accessible by algebraic and topological processes on
{L(H(?))|t € [a, b]} is a proper subspace of L[® , H()], where L[H(?)] is the
natural injection of L[H(#)] into L[ @, H(?)] defined by (2.0).

In what follows we assume that for any pair (¢, t') € [a, b] there is a bijective
continuous isometric linear map I'¥: B(f) - B(¢') with a continuous inverse which
we denote by I',.. In most cases B(¢) = B for all ¢ so that there is no problem. The
cases in which B(?) is not fixed usually occur in relativistic quantum mechanics, but
then each B(?) is a separable Hilbert space.

Let G[@? B(s)] be the set of closable operators on ®¢ B(s) and let &[B(¢)] -
®[®; B(s)] be those closable operators on B(f) which exist in &[@* B(s)] under
the natural injection (2.0).

If we restrict [ @ B(s)] to the linear operators, then it is a metric space that is
not complete (cf. Kato [K]). This space is not linear since the sum of two closable
operators need not be defined, and if the sum is defined it need not be closable.

DEerFINITION 2.1. An exchange operator E[t, '] is a linear operator defined on
S[®¢ B(s)] for pairs 7, t' € [a, b] such that:

(1) E[t, t') maps G[ B(t')] onto &[B(?)];

() E[t, s)E[s, '] = E[1, ¢');

() E[t, V')E[t, 1] = I;
if s # ¢, t’, then E[t, t'|A(s) = A(s), A(s) € &[B(s)].

It should be noted that E[¢, ¢'] is linear in the sense that whenever the sum of
two closable operators is defined and closable then E[¢, #'] maps in the appropriate
manner.

In this section we will restrict our consideration to L[®¢ B(f)]. We shall define
all concepts in terms of the uniform operator topology. Unless otherwise noted one
may replace uniform by strong or weak to obtain the same concept.

DEFINITION 2.2. A family {A(¢)|¢ € [a, b]} of operators in L[@¢ B(?)] is said to
be chronologically continuous or c-continuous in the uniform operator topology at ¢/
if there is an exchange operator E(¢, t') such that

111_1’1’1 |E[?,t]A4(2) - A@)|, =0 2.1)
(where a is any fixed uniform faithful crossnorm such that A < a < y).

DEFINITION 2.3. The family {A(?)|t € [a, b]} is said to be chronologically differen-
tiable or c-differentiable at ¢ if there is an operator DA(#) and an exchange
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operator E[t, t] such that
Elt,t|A(t) — A(Y
[ ] (), () =0. (2.2)
t—t «
DEFINITION 2.4. The family {A(?)|t € [a, b]} is said_to be of chronological
bounded variation or of c-bounded variation if

: |
wp 3 [A(y0) = E[r 414G, < o 23)
2

— DA(Y)

lim

t—>t

where the sup is over all finite partitions P of [a, b].

It is an open question as to the number of exchange operators up to equiva-
lences; our definitions require only one. Since the identity operator is an exchange
operator we have the following:

THEOREM 2.1. If the family {A(?)|t € [a, b]} is:

(1) continuous, it is c-continuous,

(2) differentiable, it is c-differentiable;

(3) of bounded variation, it is of c-bounded variation.

PROOF. Set E[t, ¢'] = I for all ¢, ¢’ € [a, b]; note that in (1) and (2) the limits are
also the same.

From the above theorem we see that the chronological process includes the limit
process as a special case. We shall now construct the standard exchange operator.

Let us define a map G(¢; ¢) from @; B(¢) to an isomorphic copy of itself by
(assume ¢’ < ¢)

(Comparison operator)

G[r, ] @¢,=[ ® ¢,®1‘5’¢,®({

a<ss<t

® ¢)0rie8( ® ¢,)],

<s<t r<s<b
24)

so that G[7, 7] exchanges the positions of B(¢) and B(t').
Before continuing our analysis we generalize a few lemmas due to Ichinose
[I1]-[13]. The proofs are the same so we omit them.

LEMMA 2.1 [I1]. Let @ > A be a uniform reasonable norm on @, B(t). If Q(t) €
L[B(D) for each t and || @ , Q|| =11, || Q(?)|| < oo, then the diagram

®‘,’ t
®:B() ¥ 2B
s s
B 2 @ B

is commutative, where @ Q(f) and ® Q(f) are the continuous extensions of
®, Q() to the spaces @ B(t), @ B(?), respectively, and J{ is the natural linear
mapping of @2 B(?) into @ B(?). In particular, if K[U] denotes the kernel of an
operator U and a is faithful, we have

J{'K[ ® Q(t)] = K[é Q(t)] n J;j’[ ® B(t)]. (2.5)
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LEMMA 2.2 [I3]. If the family {Q(#)} is a topological isomorphism for each t and a
is a uniform reasonable crossnorm, then the continuous extension of @, Q(f) to the
entire space Q¢ B(t) is a topological isomorphism.

LEMMA 2.3. Let A(f) and A(t') be densely defined closed linear operators on B(t)
and B(t’) with nonempty resolvent sets p(A(1)), p(A(t")) such that it does not occur
that one of the extended spectra o,(A~(t)) and o,(/f(t’)) contains O while the other
contains . Assuming a is a uniform faithful reasonable norm on Q¢ B(f), we have
that the closures of the graphs of (t < t') A())A(t’) and A(t)A(¢) coincide, where

A= ® I,®/i'(t’)®( ® 1,).

'<s<b

Furthermore, the relationship
ADA@) = ANAD = @ L ®A()® ( ® 1,) RAN® @ I,
a<s<t t1<s<t’' r<s<b
is maintained in the closure.

THEOREM 2.2. G[t, t'] extends to an isometry onto an isomorphic copy of @ B(t)
and:

)G, )G, 0) = 1.

(2) The extension is one-to-one.

A3) G, )G, t") = G(t, 7).

PRrROOF. (1) is obvious and (2) follows from Lemma 2.2; (3) follows from the
definition of G(, ).

DEFINITION 2.5. For any linear operator U € £[@¢ B(?)] we define the standard
exchange operator by

E[t,v]U = G[t, t]UG[¢, 1] (2.6)
THEOREM 2.3. E[t, t'] is an exchange operator.

DEFINITION 2.6. A linear operator A(7) defined on B(f) will be called space
continuous in the uniform topology at ¢’ if

lim |T¢A(5)T% — A(¢)]|=0 @7
-t

where the norm is on B(#'). We also define right and left space continuity in the
obvious manner.

It should be noted that if B(¢) = B for all ¢’ then space continuity is the same as
our ordinary notion.

THEOREM 2.4. Suppose A({) is right or left space continuous; define A(f) by
A= ® Ledne( ® 1); (2.8)

a<s<t 1<s<b

then
1) A A®) = A(HAQ); .
(2) the family {A(¢?)|t € [a, b} is c-right or left continuous according to A(t).
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PROOF. (1) is clear; see Lemma 2.3. For (2) let

4= 3 ®ore® B

o=1 ¢ t
then .
|E 7, a0 = A@)] < B |EL7 J40] @ o] - 4() @ 97
<2 Me()|TEA(OTLg — A()eg)
< 21 MO||TA()T: — A(2)||
where

M)y =11 ¢ and M°=1][ |¢° + 1.
t5t’ t

The last term converges to zero as ¢ — ¢’ in the appropriate manner. Since ¢ is in a
dense subset of @¢ B(f) and « is faithful, we are done.

DEFINITION 2.7. Any family of operators (not necessarily bounded) {A(?)|t €
[a, b]} satisfying (2.8) is called a family of time-ordered operators.

DEFINITION 2.8. A linear operator A(7) defined on B(f) will be called space
differentiable at ¢ in the uniform topology provided there is an operator DA(t’)
such that

t—r

t—>t

’ AT — A(F)

- D,Z(z')u -0

THEOREM 2.5. Suppose A(t) is space differentiable at t' and let A(t) be the
time-ordered version of A(?) as in (2.8); then:

(1) A(?) is c-continuous at t';

(2) A(2) is c-differentiable at t' and

Da(r)= ® L®DA()®( ® 1,). (2.9)

r<s<b

ProoF. The proof follows the lines of Theorem 2.4 and, hence, is omitted.
DEFINITION 2.9. The operators A(¢), t € [a, b], are said to be of space bounded
variation in the uniform topology if

n ~ ~
swp 3 [TA()Ty,, — Al < o0
-

where each norm is on the space B(Z;., ).

THEOREM 2.6. If the operators A(t), t € [a, b), are of space bounded variation then
the time-ordered versions are of c-bounded variation.

ProOF. The proof follows the lines of Theorem 2.4 and, hence, is omitted.
If we note that

|E[7. ¢ Ja@®)], =11 4()].
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and
|Ele ¢ (L. a0 - E[r. F]4@)], =|E[7 1] 4() = 4],
hence,
|EL7, 1]a(e) — E[ ¢, 1]a()], ="E[t', t]4(r) = A@)| - (2.10)
We now have the following result.

THEOREM 2.7. The family {A(f), t € [a, b]} is c-continuous at t if and only if for
arbitrary t' € [a, b), we have

lim "E[ v, t]A(r) — E[ ¢, t']A(t')"a =0. (2.11)

Results of a similar nature may be obtained in the c-differentiability and
c-bounded variation case. At this point it should be clear that all point notions in
analysis have a counterpart in this setting.

3. Preliminaries. In this section we assume that for each ¢ € [0, T], A(¢) is the
infinitesimal generator of a strongly continuous contraction semigroup on B(#) with
domain D(). We assume that our family T¥: D(f) - D(¢') is an isometric topologi-
cal isomorphism in the norm graph closure. We denote D = @ ¢ D(?), where a is a
uniform faithful reasonable norm and D is the norm graph closure of @, D(#) with
respect to a.

Assunpjion. We assume that for any 7 and family {#} in [0, 7], the operator
oy I‘; A(#)T% is the generator of a strongly continuous contraction semigroup of
operators on B(7).

We shall need the following results from the theory of semigroups of operators.
The reader is referred to Butzer and Berens [B-B] and Gill [G1] for proofs as
indicated.

LeMMA 3.1. Let f,(n) be the contraction semigroup on B(t) generated by Al (). Set
A4 "t) = (T(n) — I)/n,n > 0; then A™(¢) is a bounded linear operator for n > 0 and
A(t) = s-lim, o A"

Proor. Cf. [B-B].
LeMMA 3.2. s-lim, o T4 "(r)I7 = T A(7)T7.
PRrOOF. Note that for any ¢, € D(¢), then I';¢, € D(7).

LEMMA 3.3. There exists a contraction semigroup T,(n) defined on @2 B(s) such
that for = @ ¢, we have:
1

Te= ® ¢@Tme®( ® 4)
0<s<t t<s<T
)]
S-l_igl (T,(n) — I)/n = A(1) (time-ordered version of A(1));
)

B) AN = (T(m) — I)/n is a bounded operator;
(4) all the above operators are unique.
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ProoF. The proofs of (1), (2), (4) are in [G1]. (3) follows from the definition of
A"(t) and Lemma 3.1.
We now use Hille’s first exponential formula to define (cf. [B-B])

exp{A(1)} = S;El(])l exp{A4™(?)}. @3.1)
LeMMA 3.4. For any 7 € [0, T'] we have
E[7, t]exp{A(#)} = exp{ E[7, t]A()}. 3.2)

PROOF.
[E[7,t]4"()]* = G[#, t]A™)G[t, 7] G[ 7, t]A"()G[ ¢, 7]
= G[7, t][4"()]*G[t, 7] = E[7, t][4"()]*
It follows from induction that
[E[7, t]A™(0)]" = E[7, ¢][4"(8)]%;
hence
exp{ E[7,1]A"(8)} = E[7, t]exp{4™(?)}.
Taking strong limits provides the result.

4. Time-ordered integrals and evolution operators. In this section we construct a
general class of time-ordered operators. This class contains operators associated
with almost all problems of interest. In the development of our integration theory,
we use the Riemann complete integral as developed by Kurzweil [K] and Henstock
[H]. We present a slight extension of their theory to the operator-valued case in the
appendix and the reader is referred there for details.

Let &: [0, T]— (0, ©), and suppose P is a K-H partition for 8, P =
{te Trtys o s Ty 1, ). Let P = {tg, . . ., ;) be an ordinary partition of [0, T'] such
that {15, 1,,...,1,} C P’; suppose 7, € [t;_,, ;) is arbitrary and #;,_, = 1,_, <Y,
<.+ <t, =1t is a typical subinterval of P’. Reindex P’ by replacing ¢ — 1 by
J — 1 and g by m, so that we now write [£,_,, #;) as [¢,_,, t,,). Define Q[ P’|P] and
0, P'| P] by

n

Q[ P'IP] = 3 A4E[7),7]47(), @.1)
O[P1P] = 3 84E[,5)4(r). “2)
2

where 7/ = 7, forj </ < m.

DEFINITION 4.1. We say that the family {A(?)|t € [0, T]} has a time-ordered
integral Q[ P’] with information concentrated on P’, if for every ¢ > 0 there exists a
function §: [0, T] — (0, o) and an exchange operator E[ , ] such that whenever P
is a K-H partition for § then

los[ P1P]e — Q[P']4], <¢ forallg € @ D(s).
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It is not hard to show that if our integral exists then?

o[P]e = 2 f 7]4(r) r(ar), (43)

which may be written as
k
1 % ,
O[P']o= > At"l{ A7 f ! E['rq, -r]A('r) r(df)}.
q=1 q Y51

In this form we see that each term is an average over the interval [#;_,, #], and the

exchange operator concentrates all information contained in 4(7) at the 7;th place.

THEOREM 4.1. If the family {A"(t)|t € [0, T]} is c-continuous or of c-bounded
variation on [0, T), then the integral (4.3) exists in this case.

PROOF. Part 1. Assume c-continuity; by Theorem A.l it suffices to prove the
result in the Riemann sense. Let P, P be arbitrary partitions of [0, 7] and set
P =Py P,8 = min($, §); then

|es[717] - o[ P17]|, <les[P1P] - ei( PP,
+|es #17] - exrpie]
Reindexing as at the beginning of this section leads to
|os#17] - of[ P17]| < 2 A E[7, 7,]47(7) - E[7, 5]4"(r)],

+ 3 afe[.2)aG) - Ep ), @9

We now use the fact that [0, 7] is compact, along with c-continuity, to conclude
that there is a y > 0 such that as soon as |r — s| <,

|E[7,r]A™(r) — E[7,5s]4"(s)|, <&/2T foralls’ €[0, T].
If we combine this with inequality (4.4), we have
JorL717] - i ], <

This means that the family {Qf[P’|P]: P D P’} is Cauchy; it follows that
QJ[P’|P]—> Q"[P']as § — 0.
Part 11. If we assume the family is of c-bounded variation, then by (4.4) we have

"Qg[mf] - Qé'[P’lI-’—-]"a <[[(§+§)V{]A"(r)],
which once again shows that the limit exists.

THEOREM 4.2. Q"[P’] converges strongly to

o[ P'] f‘ 7] A(r) r(dr) (4.5)

q-l l9—1

on @% D(s).

2/(dr) is the Riemann complete measure. See the appendix.



172 T. L. GILL
ProoF. It suffices to consider thecase k = land ¢ = @ , ¢, € @ § D(s).
|e(P1e - 0[P 1el.=| [ " (E[7: 7141 — E[7;, 7]47(r)8) r(dr)

< At} sup ||E[7’,, t]4™(1)¢ — E[ 7}, T]A'—'("’)‘P"a

a

TE[th, 17)
<AGM sup ||TRA™(1)Tr, — T7d(1)Te,) .,
TE€[1p 1) !

where 7] means norm in B(r}) and M = ||¢||, + 1. Using Lemma 3.4 we have
lim "MP' ¢ — Q[ P’ =0,
tim [07[P'J6 — 0P Je,

so that Q"[P’] has a strong limit on @¢ D(s) which we denote by Q[P’].

It should be noted that Q[P’] is densely defined; however it is not clear that Q is
closed, nor is it clear that Q is the generator of a strongly continuous contraction
semigroup of operators. We shall dispose of this issue shortly; however we will
need the following:

LEMMA 4.1. Q,[P’|P] —° Q[P’] on @2 D(s) (see (4.2)).
PROOF. Again it suffices to assume k = 1. Let ¢ € @ & D(s).

lot716 - o #1PJel, = | [ £l Jarer@) - 3 ayels, A

a

where P is a partition of [#, #}), 7/ = 7} for all j. This means that
n .
Io[P 16 - o[ P1Plel < 3 [" r@n|E[7, 7]4(r)é — E[7. 7 ]4(1)],
J= J-1

<Ar; sup | E[7),r]A(r)¢ — E[7}, 1;]4(7)9],-

7, 7, €10, 1))

The right-hand side approaches zero as § — 0.

THEOREM 4.3. Q[P’] has a closure which is the generator of a strongly continuous
contraction semigroup of operators.

PrOOF. Recall that an operator Q is said to be dissipative if for any ¢ and duality
map J for ¢ we have Re(Q¢, Jo) < 0, where ¢ € D(Q) (cf. Pazy [P]). Let
¢ € @ ¢ D(s) and suppose J is any duality map for ¢; then

Re{ Q[ P']¢, J$) = Re{ Q5[ P'|P]o, Jo) + Re{Q[ P'|¢ — Q4 P'|P]o, J9).

(4.6)

Note that if we assume k = 1 then

o[P1P] = 3 ayE[, ]A(x)

j=1

- ® 1,( S Atjl‘:j’n,«i(fj)l‘zl)®( ® 1)
Jj=1

0<s<T} T11<s<T
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By assumption 27_, A¢ I”'A (7)I'Z is a generator of a contraction semigroup for all
71 €[0, T]so that Qs[P lP] is d1ss1pative. Using this result in (4.6) we get
Re(Q[ P’ )¢, J&) < Re(Q[P']6 — Q) P'|P14, J4);

letting & — O reveals that Re{Q[P’lp, J¢) < 0, which shows that Q[P’] is dissipa-
tive. Since all dissipative densely defined operators are closable, it follows that O
has a densely defined dissipative closure which we again denote by Q. In order to
complete our proof, we need to show that the range of A — Q is dense. Since Q; is
a generator, for any ¢ € @ & B(s), R\, O;)¢ € Q ¢ D(s), where R(A, Q;) is the
resolvent operator; furthermore [A — Q;]R(A, Q5)¢ = ¢ for all § > 0. Letting § — 0
and noting that R(A, Q5;) >° R(\), we conclude that A\ — Q)RA)¢ = ¢ for all
¢ € @ 2 B(s)= {RM\)¢|¢p € @ 2 B(s)} is in the domain of A — Q for A > 0, so
that R(A) = R(A, Q) and Q is a generator of a strongly continuous contraction
semigroup.

In the last theorem we used the fact that R(\, Q,) converges strongly as § — 0.
We provide a proof of this result below.

LeEMMA 4.2. For each A — O there is a bounded operator R(\) and
RM)¢ = slim RQA, )¢, ¢ € @ B(s).

Proor.

IRQ, Q)6 — RO Q5)ll =| [~ e (UL P 116 — Us[ P, )8} at

2lglle;
Pl

1
<z Us| P, t|¢ — Us[ P', t <
x o |G P ]e = Us[ P t]é],

Letting 8, 8 — 0 shows that the family {R(\, Q5)|8 > 0} is Cauchy. The remaining
part of the proof is trivial.

THEOREM 4.4. If the family {A(?)|t € [0, T} is strongly right c-continuous at t,
then
1 re+e
-lim — T = E[7,t|A(t* r [0, T].
s,ll,%l ) E[7,7])A(7) r(dr) = E[7,t]A(t*) for each T €[0, T]

ProOOF. For any ¢ € @ & D(s) we have
lf’*‘ E[7, 7] A(r)$ r(dr) — E[7, t]A(t*)¢
t a

€

<3 HanIEL R A - ELE 46w,

< sup |E[7 r]A(r)é — E[7 1]A(t*)e|-

TE[t, t+e)

Letting ¢ — 0 provides our result.
Evolution operators. Let Q[ P’| P] be as in (4.1) and set

U7[ P'|P] = exp{ Q7 P'|P]}. 4.7)
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THEOREM 4.5. If the family A(t), t € [0, T), is c-continuous or of c-bounded
variation, then

: n ’ = '] = 7 ’
}sl_li% UF[P’|P] = U"[P’'] = exp{Q"[ P']}. (4.8)
Furthermore,

o exp{[i** E[7,7]A"(r) r(dr)} — 1

e—0 €

= E[7,t]A"(t*)

for each point of right c-continuity of {A"(s)|s € [0, T} for each 7 € [0, T].

ProoF. The proof follows from Theorems 4.1 and 4.4 along with the definition of
exp{ }. (Recall that the only type of discontinuities of a function of bounded
variation are jump.) (See Theorem 4.7.)

THEOREM 4.6. U"[P’] ->°U[P’] = exp{Q[P’]}.
PROOF. Let ¢ € @ & D(s); then

U'[P']¢ — U'[P']o =f0' di:[U'T[P', 1-o]U"[P, v]]¢dv (4.9
where U[P’, v] = exp{vQ"[P’]}. Differentiating (4.9) we have
U[P T = I[P Jo = [T U P 1~ o]V P 0][ Q7] P']e ~ Q7] P']e] do
hence

Juriele - UT[Pe].
< suwp ||UT[P,1 - 0]U[P,0]|, x| Q"[P']¢ — Q[ P']9]..

0<v<1

Letting n, 7 — 0 and using Theorem 4.2 shows that { U"[P’]|n > 0} is Cauchy for
¢ € @ 2 D(s) and, hence, converges strongly to a limit on @7§ D(s). Since
®?¢ D(s) is dense and U[P’] is bounded, the Banach-Steinhaus theorem shows that
U"P'lp »°U[P'}p for ¢ € @ & B(s).

THEOREM 4.7. Suppose the family {A(?)|t € [0, T]} is strongly c-continuous or of
strong c-bounded variation; then

s-lim %{exp[j;'ﬂE['F, 7]4(7) r(d‘r)] - 1} = E[7,1]A(t*).

PROOF. Set
U, = exp{¢E[7,1]A(t*)}), U, = exp{f"“ E[#, ]A(7) r(d‘r)}



TIME-ORDERED OPERATORS 175

for any ¢ € @ ¢ D(s). We have

10— Ul < [ "dio U1 - o]U;[o]e] o
< [ | u1 - o]u[]],

eg[ 7. t]A(t*)«p—ft‘ﬂE[‘F,
< f, " (dr)| E[ 7, 1]A(r)é — E[7, t]A(t )],

<e sup |E[7 r]A(r)é — E[F, (]A(t*)p),.

[t t+e€)

This means that lim, ¢ ~'||U,¢ — U,¢||, = 0. We now use the uniqueness of the
generator of a contraction semigroup to complete our proof.

Let {4,()|t €[0, T]} and {Ax(9)|t € [0, T]} be two families of time-ordered
generators of contraction semigroups of operators obtained from operators {1; D\t
€ [0, T]} and {ffz(t)|t € [0, T']} which are generators on B(¢) for each ¢ and have
the same domain D(f). We assume that the conditions in §1 are valid with respect
to the family {I¥|¢, ¢’ € [0, T]}. Construct U,[P’] and U,[P"] for arbitrary P’, P”,
where

U,[P]—exp[z f ¥ E[7, 7]a,(r) r(d‘r)] (4.10)
j=1 "t
UZ[P"]—expl 21 f“’ 7, 7] 2(7)r(d*r)}. (a.11)

We now note that except for a finite number of points we have
U[P'] Uz[P"] = U,[P"]|U,[P']; (4.12)

hence, if we define U[P’, P"] by

Ul P, P"] = exp[ s f”' E[ 7, 7]4,(r) r(dr)

J=1 "4

+ 3 [7 vy ] r(df)},

Jj=1 "4y

we obtain the following:
THEOREM 4.8. U[P’, P”] exists except on a set of r{ | measure zero.

Let us now assume that @¢ B(s) is reflexive so that any bounded set is weakly
sequentially compact. We then consider the sequence { U[ P/, P{]| |Pi| =0, || —
0, k —> o).
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THEOREM 4.9. The above sequence has a subsequence, which converges weakly
(a.e.) for all € @ ¢ B(s),

U[T,0] = exp{ fo " [4y(7) + Ay(1)] r(d‘r)} (4.13)

and we call it the weak time-ordered evolution operator associated with the families
{A,(D]t €0, T} and {A (D]t € [0, T]}.

Conclusion. Theorem 4.8 says that, in the weak sense, the sum of two time-
ordered families of generators of a contraction semigroup is a generator except on
a set of measure zero. It is not hard to see that the exceptional set is countable.

It should be noted that in some sense weak convergence is unrevealing. A simple
analysis shows that whatever the subsequence for which convergence is obtained,
the individual terms are unrelated to each other. Recall that a version of Mazur’s
theorem (cf. Yosida [Y]) states that if U[P,]¢ -" U¢, then, given ¢ > 0, there exists
a convex combination of reals (e.g. {>\,} 53¥ A =1)and

U -3 NULRI9)

i=1

<e.

That is, we may use convex combinations of reals to obtain a strong approxima-
tion. Another view of these convex combinations is that of weighted probabilities
on the first N members of the sequence. A physical interpretation of (4.3) reveals
that both the number of partition points in P’ and the placement of the 7.’s in the
interval [z,_,, #;) are discrete and continuous random variables, respectlvely It
turns out that U can be obtained as an expected value over the joint probability
measure for both random variables. This can be done in the uniform operator
topology without the assumption that @¢ B(s) is reflexive. We shall present results
in this direction in an upcoming publication where we present a rigorous definition
and analysis of Feynman type integrals.

In another direction, Theorem 4.8 tells us that perturbation expansions should
lead to correct results. It is well known that quantum electrodynamics has a
problem of divergencies with the perturbation expansion in the second order and
subsequent terms. It has long been debated that the cause is due to the mathe-
matics (cf. Bjorken and Drell [B-D]). It turns out that the divergencies are at least
partly caused by the violation of the time energy uncertainty relation in the use of
infinitesimal time (d7) in the evolution integral. The reader is referred to Gill [G2]
for details.
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APPENDIX
Riemann complete integral. This appendix provides a slight modification and
generalization of the work of Kurzweil [K] and Henstock [H]. Our approach is

fashioned after that of Beck [B], who so kindly introduced the writer to efforts of
Kurzweil in this area.
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Throughout our discussion, [a, b] will be a fixed compact interval in R, and B
will be a fixed Banach space. Let 8(¢) be any function from [a, b] into (0, o) and
letP = {tg, 7,8, 73 .. .s Ty I}, Wherea =t <7, <t; < --- <7, <1, =b.

DEerFINITION A.1. We call P a Kurzweil-Henstock partition for § (or a K-H
partition for §) providing that £ and f,, € (14, — 8(7;, ), 7541 + 8(7;, ) for
j=01,2...,n—1

LEMMA A.l. Let §(¢) be any function from [a, b] into (0, oo). Then there exists a
K-H partition for 8.

ProOF. The set {(7 — 8(7), 7 + 8(7))|T € [a, b]} is an open cover for [a, b] and,
hence, contains a finite irreducible subcover. Let 7, . . ., 7, € [a, b] be ordered by
the index such that the set {(7; — 8(7), 7; + 8(7;))|'rj €fa,bl,j=12,...,n}isan
irreducible subcover, also

7+ 8() <7y + 8(1,,) and 7 — 8(1) <7y — 8(7y).

Adding, we have 7; <7, ,hence , E 7, <}, <7,,,j=12,...,n— 1 Sett, =
a and ¢, = b. It is clear that ; and ¢, € (1, — 8(7;,1), T4y + 8(7;4))-

LeMMA A2. Let 8, and 8, be functions from [a, b] to (0, o0) and suppose that for
each t € [a, b], 6,(f) < 8,(¢). Then if P is a K-H partition for §,, it is one for 6,.

DEFINITION A.2. Let A(f) be a bounded operator-valued function from [a, b]
defined on B. We say that the Riemann complete integral of A(f) with respect to I
exists if there is a bounded operator Q*, such that for each ¢ > 0, there exists a
function 8 from [a, b] into (0, ©) such that, whenever the family P =
{to 71> - - - » Tps ,} is a K-H partition, then (Note: In this case u(t), u(%_,) € (p(1)
— (1), p(7)) + (7))

<e

2 Ayd(m) - 0
f=

and we write
b ~
o+ = (RC)f A() dp.

THEOREM A.l. Suppose the Riemann integral of A (?) exists with respect to p in any
topology. Then the Riemann complete integral of A(t) exists with respect to u in that
topology and they are equal.

If we use Theorem A.1 we obtain the following theorem for Riemann complete
integrals directly from the Riemann counterpart:

THEOREM A.2. If A 1(0) and 12(1) both have RC-integrals, then so does their sum
and

RO) [ "4 + AD)] du = RC) [* A(s) du + RO) [ (1) .
If v is any element of the field then
®RO) [ A \(1) du = Y(RO) [ A\(0) dp.
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THEOREM A.3. Suppose u(t) is continuous and of bounded variation, fi',,(t) is a
sequence of bounded operator-valued functions converging uniformly to /f(t) in the
uniform operator topology, and (RC) [° ff,,(t) dp(?) exists for each n; then (RC)
2 A(t) du(t) exists and (RC) [5 A (¢) du(t) > (RC) [ A(2) du(t) in the uniform
operator topology.

THEOREM A 4. Let A (?) be Bochner integrable with respect to the measure p, where

W is continuous in t; then A () has a Riemann complete integral with respect to p. on
[a, b] and

(RC) f ®4(1) du = (B) fa ® A(¢) dp.

PRrROOF. We shall prove our theorem in parts.
Part 1. Assume A(f) = xz(¢)A, where E is a measurable subset of [a, b], 4 is a
bounded operator and x(¢) satisfies
1 ift€EE,

xe(t) = {0 ift & E.

In this case we want to show that (RC) f> A(¢) du(r) = W E)A. Let ¢ > 0 be
given and let D be a compact set contained in E. Let F C [a, b] be an open set
containing E such that y[F \ D] <e/||A||; define § as the function on [g, ] to
(0, o0) such that:

8(t1) = d(1,[a,b]\ F), tEE,

=d(t,D), t€E€[a,b]\E,
where d( , ) is the distance function on R (reals).

Let {ty, 7}y 8, . . ., T,, t,} be a KH-partition for §; then forj=1,2,3,...,n,if
7; € E then (4,_,, ;) C F, and hence,

3 A(r)a - Ju(F)" -1 wr) - 3, ]

Jj=1

On the other hand, if 7; € E then (4_,, ) N D = (empty set), and it then
follows that

> A(r)Ap - A~n(D)"=IIfTII[ > A - ﬂ(D)]-
Jj=1 7 EE

Combining these results we obtain

> A(r)Ay — ZM(E)" =|4]| = Aw - #(E)I

J=1 EE

<[ 1(F) = w(E)] <|A||[ u(F) = p(D)] =||4|n(F\ D) <.

Part 11. Suppose A(?) is a countable-valued bounded operator function; then

A(r) = él A, (1).




TIME-ORDERED OPERATORS 179

By definition, A(¢) is integrable (Bochner) if and only if [|A(D)] is integrable
(Lebesgue) and

@ [* Ay dui= 3 Aw[E].
a k=1
Furthermore (cf. Hille and Phillips [HP])
Y NVIOTETEIN FA A
a k=1

As the partial sums converge uniformly to A(f), we use Theorem 1.2 to conclude
that (RC)f% A(¢) du exists and

(B) f ® A(1) du = (RC) f ® (1) du.

Part 111. Let A(f) be an arbitrary, bounded, Bochner integrable, operator-valued
function on [a, b] which is uniformly measurable; by definition there exists a
sequence of countably-valued bounded operator functions {fi,,(t)} on [a, b] which
converges to A(?) in the uniform operator topology such that

Jim ) 14,0 ~ A@O) dx =0
and
@) [° A du = lim ®) [ 4,0 d
Since the /i',,(t) are counta:ﬂy valued, ’
®) [ A,) diu = RO) [* 4,00 d,
so that
®) [*A() du = im RC) [* 4,(0) dp.

We will be done if we can show that (RC) [ A(r)dp exists. We note that
|4,(5) — A(®)|| = f,(¢) is a numerically valued function. We can then use a result
of Henstock [H] to conclude that (RC) f% f,(¢) du exists and

(RC)f”f,,(z) du—0, n-—oo.
a
Let ¢ > 0 be given; choose n, so large that
b ~ b ~ €
|® [ 46 du - ®C) [* A, 00) a <3
and
b €
RO) [ " £, () du < 75

choose §, so that whenever {#, 7, .. ., 7,, ¢,} is a K-H partition for §, then

n

(RC) fa b A dp— 3 ino(fj)A@“ < %;

Jj=1
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choose §, so that whenever {#;, 7,, . . . , 7,, £, } is a K-H partition for §, then

S o) - RO [*£,(0) du‘ <%
j= a

set 8§ = §, /\ 6, so that by Lemma 1.2, if {¢y, 7, ¢,, ..., 7,, ¢,} is a K-H partition
for & then it is also one for §, and 6,; hence,

”(B) [1A@ du - 3 Al <@ [* 40 s - ®RO) [ A1) 4]

+

RO [* A du— 3 A',o(f,)Ap,”
a Jj=1

+

E"I ST = (RC) f., 1) d,;l

+ (RC) fa * £(0) du <e.

DEFINITION A.3. Let us denote by r(E), the set function defined on the Borel sets
of [a, b] by

r[ E] = (RC) f * xe(0) dt (A1)

where xz(?) is the characteristic function of the set E. We call /{ ] the Riemann
complete measure of the set E. Theorem 1.4 shows that /{E] is the Lebesgue
measure of the set E, however, in general, r{ E] is finitely additive.
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